Abstract. Let M be a complete noncompact manifold with nonnegative sectional curvatures isometrically immersed in Euclidean spaces with codimension two. We show that M is a product over its soul, except when the soul is the circle Sl or M is 3-dimensional and the soul is the Real Projective Plane. We also give a rather complete description of the immersion, including the exceptional cases.
Introduction
Let /: M" -► Rn+2 be an isometric immersion of a complete Riemannian manifold M with nonnegative sectional curvatures (k > 0). If M is compact, we have a topological classification of this manifold in . In this paper we want to consider the noncompact case. In [C-G] , Cheeger and Gromoll have shown that a complete manifold with k > 0 is diffeomorphic to the total space of a vector bundle over a compact submanifold, its soul, and classified it in dimensions < 3, up to isometry. Then it is an interesting problem to know under which conditions M turns out to be a product over its soul. In this paper show that this is always the case, except when the soul is the circle Sl or the Real Projective Plane RF2. This is the content of Theorem 1. We also give a rather complete description of the immersion, including these exceptional cases (Theorem l(i) and Theorem 2). In a previous paper [N-], we have some topological results. In another paper, [N2], we prove that if there is a point p e M such that all the sectional curvatures are positive, then the soul of M is a point, implying that M is diffeomorphic to the Euclidean space R" .
Before stating our results, we recall that / is called an /-cylindrical immersion if there exist the factorizations Mn -M"~l x R' and / = fx x i, where i : Rl -> R! is the identity map. Then, in order to classify M and /, we can suppose that / is noncylindrical which is equivalent by Hartman [H] to the existence of a point x in M such that the index of relativity nullity v(x) -0, where v(x) = dim{X G TxM\a(X, Y) = 0, VF G TXM} and a is the second fundamental form. In what follows, / will always be a noncylindrical immersion. Our first result states Theorem 1. Let f: M" -> Rn+2, n > 3, be a noncylindrical isometric immersion of a complete noncompact manifold with nonnegative sectional curvatures and with an m-dimensional soul Am . Then we have (i) If M is simply connected then M is isometric to the product of a manifold homeomorphic to the sphere Sm with a complete manifold 3ön~m diffeomorphic to Rn~m . Ifn-m>\,fisa product of a hypersurface immersions. (ii) If M is not simply connected, the soul must be homeomorphic to the circle Sx or to the Real Projective Space RP2. The latter case occurs only when n = 3.
It follows by the theorem above that when M is not simply connected, M can be classified topologically. M will be diffeomorphic :
(i) either to 5"1 x R"_1 or to the total space of a nonorientable vector bundle over Sl .
(ii) either to RP2 xR or to total space of a nonorientable line bundle over RP2.
It also follows by Theorem 1 and the classification of compact manifolds immersed in codimension two that the immersion will be cylindrical over its soul when the soul is homeomorphic to a flat torus or a two-dimensional Klein bottle, or a product of two spheres, or the total space of a nonorientable fiber bundle over Sl.
When the codimension of the soul is 1, we cannot expect to have a product of hypersurfaces in the Theorem 1, as we see in the following example: let g: M"1 -> R"'+1 be a codimension one isometric immersion and consider
where h is an isometric immersion. / = h o (g x i) is not in general either a product of immersions nor 1-cylindrical. For this case we prove Theorem 2. Let f: M" -► R"+2 be a noncylindrical isometric immersion, where M -M"~x x R is a simply connected manifold with nonnegative sectional curvatures and n > 3. Then (i) There exists an isometric immersion g from Mn~x to R" .
(ii) Suppose that for each x e M, there is a two-plane o c TXM such that k(o) > 0 ; then f is homotopic through isometric immersions to the immersion g x i: M = Mx x R -> R"+1, where i is the identity map.
Theorem 2 also covers the case of the universal covering of the manifolds which appear in Theorem l(ii). We have not been able to construct a proof for Theorem 2(ii) without an extra condition for k(o). But we want to observe that the same statement can be proved if we do not require differentiability of the isometric homotopy.
Finally, by adding one extrinsic property to the immersion we are able to show that / is always a product: Theorem 3. With the same hypothesis of Theorem 1, suppose that the immersion has flat normal bundle (3$L = 0). Then M is a product over the soul A and f is a product of hypersurface immersions. It follows that the soul is homeomorphic to a sphere Sm , m>\.
At the end of §5 in this paper, modifying slightly the Yeaton Cliffon example which appears in [A-M] , we see that we can have a complete noncompact manifold isometrically immersed in codimension two, which is a product over the soul 51 but the immersion / is not a product of hypersurface immersions.
In order to have a complete understanding of isometric immersions of nonnegatively curved manifolds in R"+2, it seems reasonable to ask if a manifold homeomorphic to RP2 with k > 0 can be isometrically immersed in R^ with the dimension of the first normal space at most two, since p. 42] have proved that if k > 0, RP2 cannot be embedded in R4 .
Some of the research in this article was done while the author visited the University of California at Santa Barbara. We want to thank this department for its hospitality and especially Professor J. D. Moore for helpful discussions.
Preliminaries and reducibility along the soul
It is a well-known result of Weinstein [W] , that if the codimension of an isometric immersion is two then the nonnegativity of the sectional curvatures (k > 0) implies the nonnegativity of the curvature operator (3Î > 0).
For the case where M" is a complete noncompact manifold with 32 > 0, we now collect some known results of a soul A of M.
(2.1) A soul A of M is a compact, totally geodesic submanifold of M, without boundary and has 3? > 0 (see [C-G] ).
(2.2) If M is simply connected, M is isometric to the product AM x 3>n-m where 3°n~m is a complete manifold diffeomorphic to R"~w (see [N2] ).
(2.3) If M is not simply connected, M is locally isometric to a product over the soul A (see [N2] ).
In order to prove our theorems, we need the following concept.
(2.4) Definition. An isometric immersion /: M" -> R"+p, p > 1 , is called reducible along A if for all X e TA and Y eTAL we have a(X, Y) = 0.
As it is proved in [B-N] , this property implies that M is diffeomorphic to Am x R"-"1. Another consequence of the reducibility along A is given by the following proposition.
(2.5) Proposition. Let f: Mn -» R"+p, p > 1, be an isometric immersion of a complete noncompact manifold with nonnegative curvature operator. If f is reducible along a soul A then M is isometric to a product Ak x 3B"-k . Proof. By (2.3) there is a Riemannian submersion P: M -> A where the fibers, F are totally geodesic. Hence it follows from [O] that to show that M splits as a product, it is sufficient to prove that for each geodesic loop y : [0, 1 ] -> A , starting from a point x G A , the map Ly:n-\x) = Fx^Fx, Ly(p) = y(\),
(where y denotes the horizontal lift of y with y(0) = p) is the identity on Fx . This will follow easily from the fact that y(0) = p belongs to the pseudo-soul A (see [Y] Then the map cpy: A x R -> M, given by cpY(x, t) = expxtY(x) is an isometric immersion (see [Y, Proposition 3 .2], A = cpy(A, 1) and y = cpY(y, I).
3. Basic lemma and proof of Theorem 1 Let r(x) be the Lie algebra generated by the range of the curvature operator 31 at the point x . Let U be the orthogonal complement of the relative nullity subspace N(x). Since the codimension of the immersion is 2, by Theorem 1 in [Bi] we have the following possibilities for r(x) : We will use the classification above to prove the lemma below whose hypothesis is satisfied by our three theorems stated in § 1. We will use the notation A$ for the Weingarten operator, where £ is a normal vector. Proof, (a) The only possibility in Bishop's classification is r(x) = 6(VX)@6(V2) with dim Vx > 1 and dim V2 > 1 whence 32±(x) = 0. Therefore, the conclusion follows by Bishop's Theorem.
(b) By hypothesis dim U > 1 . If dim U = 1 there exists a normal vector £ such that A( is identically null and then t\x=t\ and Ç2 orthogonal to ¿¡ satisfy the lemma.
If dim U = 2, we will define ¿¡2 by a(Z , Z)/\\a(Z, Z)\\. Taking t;x orthogonal to t¡2, (A^Z, Z) -0. But there exists a vector Zx which is the eigenvector of Ait associated to its only nonnull eigenvalue. We claim that Zx e TxOx . In fact, Zx = aX + bZ , where X is the normalized orthogonal projection of Z-onto TxOx . If dim U > 3, it follows again by Bishop's classification that r(x) is a nonnull algebra implying that 32\e^Tx0¡) ^ 0. We claim that the only possibility for r(x) is 6(VX) © 6(V2) where dim V2 = 1. In fact, consider an orthonormal frame {Xx, ... , Xn} of TxO such that Xx, ... , Xs e N(x) and Z G spaniel, ... , Xs, Xs+X}. We have 3¿(X¡AXj) = 0, i=l,...,s, 7=1,...,71.
Denoting by X' and X" the orthogonal projection of the vector X onto TxOx and 7^02 respectively, because the metric is a product, and 3l\TxÖ2 = 0, we have^(
Then the range of 32 is contained in 6(W), where W = span{Xs+2, ... , Xn} which implies r(x)c6(n-s-\).
It is obvious that r(x) cannot be 6(U) = 6(n -s). If n -s is even, r(x) cannot be the unitary algebra u((n -s)/2), since u((n -s)/2) is not contained in 6(n -s -1). Then r(x) -6(n -s -1) © 0(1) as we claimed. Then, following the proof of Bishop's theorem, there is an orthonormal frame {£i > £2} of the normal space such that the range of A^ is Vx and rank^Í2 = 1. We will need the calculation below to show that Vx c TxOx.
Since rank A¡2 = 1, the Gauss equation is reduced to (3.2) ^ = AiiAAil. Because dim n > 3, r(x) is a nonnull algebra, implying that there exist X, Y e TXM such that 3?(XAY)¿0.
Denoting again by X' and X" the orthogonal projection on TxOx and TXÖ2 respectively we have Since £1 is orthogonal to a(Z, Z), £1 can be taken as a (Y, Y) normalized. Now, we start the proof of Theorem 1. Let x be a point in M such that v(x) = 0. By (2.3) M is locally a product over the soul and then we can apply Lemma (3.1) where dim (7 = n, TxOx = TXA and 7^02 = T^A. It follows that the sectional curvatures along planes tangent to A are given by the eigenvalues of the operator Ait which is nonsingular on TXA , since dim U -n . Let / = f\A : A -* Rn+2 be the isometric immersion / restricted to the soul. Since A is a totally geodesic submanifold of M, the first normal space of /, namely, the subspace of the normal space where the second fundamental form lies (see [E, p. 334] for definition), is at most two dimensional. We can easily generalize to /, Theorems (2.2) and (2.3) of [B-Mi] , since they depend only on the fact that the second fundamental form lies in a two-dimensional plane. The Lemma (3.1) implies that there is a point p e A such that all the sectional curvatures along planes tangent to A at p are positive. Hence [B-M-] implies, if m > 3, where m is the dimension of the soul, that A and consequently M, are simply connected and A is homeomorphic to a sphere Sm . Also, if m = 2, A has to be a homeomorphic either to a sphere S2 or to a Real Projective Space RP2.
If M is simply connected, then by (2.2) we have that M is a product Am x gun-m If « -m > 1 , it follows by [Mi] that either / is a product of hypersurface immersions or / takes a complete geodesic into a straight line. In the latter case, this geodesic is a line (in the sense that each segment realizes the distance between its endpoints), hence it must split off isometrically (cf. [T] ). This would imply that / is at least 1-cylindrical which contradicts our assumption. Then / is a product of hypersurface immersions.
The only thing we need to prove now is that if n > A, the soul A cannot be homeomorphic to R3°2. Suppose it is and consider the universal covering M of M. Let us consider A, the soul of M, which is homeomorphic to 52 and the immersion / = P o / where P is the covering map. Since n -2 > 2 by [Mi] , / will be a product of hypersurface immersions and then if X e TS2 and Y e (TS2)1-, à(X, Y) = 0 (à is the second fundamental form of /). This implies that / is reducible along A. By Proposition (2.5) M is a product over the soul and again because n -2 > 2, we would have A, homeomorphic to RP2, isometrically immersed in codimension 1, which is the required contradiction.
Proof of Theorem 2
To prove this theorem, we will use the Fundamental Existence and Uniqueness Theorem for submanifolds (see [C, p. 48] ). First, we will prove (ii) of the theorem and then (i) will follow easily using the same arguments. Following Moore's argument in [M2] , for each x G M, we will take a neighborhood U c M of x and on the tube E = UxR2 contained in the normal bundle, consider differentiable sections £x, c¡2 such that if we define a second fundamental for all X, Y, Z, W in TU, Ç, r\ in the normal space and for 0 < t < 1 in such way that if {/} denotes the family of isometric immersions, we will have fo(U) lying in a hyperplane of R"+2. Since M is simply connected, and at will be globally defined on TM x TM, the family {/} is also globally defined.
In order to construct E and {£1, c;2} as above we will prove the lemmas below. Given x e M, TXM = TXMX © R, we will always denote by Z the tangent vector belonging to R. 
Proof. It follows easily from Lemma (3.1)(b).
We want to observe that, when a(Z, Z) is nonnull in a neighborhood V of x, o:(Z, Z) will define a differentiable normal vector field on V. Since ¿¡2 can be taken as a(Z, Z) normalized, because a(Z, Z) is orthogonal to £1, £2 is also a differentiable normal vector field on V implying that £1 is a differentiable normal vector field on V too. Because rank A^2 = 1, the operator AÍ2 has eigenvalues with constant multiplicity on V ; this implies, by [N0] , that its eigenvectors are differentiable vector fields on V. Consequently, their orthogonal projections onto TXMX , are differentiable vector fields on V. Then, for each x G V, we can take differentiably the subspace W of TXMX given by the orthogonal projection of the kernel of AÍ2 onto TXMX, i.e., W={YeTxMx/Ai2 (Y) = 0}.
Since rank^Í2 = 1, we have that W is at least (n -2)-dimensional. Now, we show that some terms in the above equation are null and we calculate the others. Since AÍ2\W = 0 and V¿íi is parallel to ¿¡2, writing X¡ as a linear combination of X and vectors belonging to a basis of W, we get <<»(*,,*,), V¿¿,) = (X,X)2(a(X, X),V^X).
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use Because X¡ is an eigenvector of A^ we have (a(VzXi, Xt), £,) = (VZX , Xl)(a(Xi, X¡), {,).
But (VzXi, Xj) -0 since X¡ is of unitary length. On the right-hand side, the first and the last terms are clearly null since A^(Z) = 0. The third one is also null because X¿ is an eigenvector of A^ and then (a(Vx¡Z, X¡), ii) = iyXlZ , Xi)(a(Xi, X,)£i).
But (Vx,Z, Xi) = 0 since M is a product and X, e TXMX . Now, we calculate the second term writing again X¡ as a linear combination of X and vectors belonging to a basis of W. Using the facts that A^2\w = 0 and VY^2 = 0, we have (a(Z,Xi), Vjfci,) = (X,, X)2(a(Z, X), V^i).
Therefore, (4.3) is equivalent to Z(a(X¿, *,),£,) -<*,, X)2(a(X, X), V¿{i) = -(^-,X)2(a(Z,X),V^,).
Therefore, to prove (ii) of the lemma is equivalent to proving that (a(X,X),VzCx) = (a(Z,X),VxCx), which is equivalent to (4.5) (a(X, X), fcKV^,, 6) = (a(Z , X), 6)(V^, , 6). 
Since X is the only eigenvector of ^ with nonnull eigenvalue, Z2 G span{X, Z} and (VXX, Z) -0, the only term we will have is (V¿2a(X,Z),i,) = -(a(X,Z),V4i,) which will be zero too. Since we are considering (a(X, Z), i2) ^ 0 (otherwise dim W -n -1) we have again V¿ t¡x = V¿ Í2 = 0. This fact will imply (4.4). In fact, write Z2 = aX + bZ , Aç2(Z2) = 0^a{a(X,X),Ç2) = -b(a(X,Z),Ç2), Since ^{2(y,) = 0 and VyÍ2 = 0 for z = 1, 2, we will have (VYlY2, X)(a(X, X), 6) = (VY2YX , X)(a(X, X), &).
Since (q(Z , X), c¡2) ¿ 0 (otherwise dim W = n -1 which implies 321-= 0 and then the lemma is obvious) we have ([Yx, Y2], X) = 0 and then H7 is integrable. By Frobenius we can consider local coordinates (x\,... Since Vy,Z = 0 (because M is a product) and VzY is orthogonal to Z and Y,, it follows that VZY¡ = 0. The same proof implies VZX = 0. Now, we can start the proof of Theorem 2. Given x g M, we consider the geodesic y(i) = expx ?Z . We want to prove that for each point p e y, there is a neighborhood U of p such that we have differentiable normal vector fields ii and Í2 satisfying Lemmas (4.1) (rank/íÍ2 does not need to be 1 but 0 or 1), (4.2) and (4.3).
First, we claim that there is a point y e y such that a(Z, Z)(y) ^ 0 because if not, / would take a complete geodesic to a straight line R"+2 contradicting our assumption. As we have already observed, in a neighborhood U of y, we get ii and Í2 with the desired properties.
If a(Z, Z) = 0 at an isolated point of y , denoted by y (to), we have ii and i2 defined on its right and if. and i2 defined on its left. We claim that ii = iand i2 = i2 (defined by limit) at the point y (to). In fact, since for each point p e y there is a two-plane o c TPMX such that k(o) > 0, for t close to ¿o and t > to, there exists Y g Ty(tXMx such that ii is a (Y, Y) normalized. For t close to in and t < to , there also exists Y g Tylt)M\ such that Ï-is a (Y, Y) normalized. Lemma (4.2)(ii) implies they are defined of the same manner, by limit, at y (to). Now, we define vector Y for t < t0 and Y for t > to by parallel translation along the geodesic y (see Lemma (4.8) ). Since rank^4Í2 < 1 and rank^L < 1, the curvature operator 32 at y (to) is given by 3Z = AlAAl=A(íAAií. To finish the proof of (ii) in Theorem 2, we have to prove that a, defined previously, satisfies Gauss, Codazzi and Ricci equations. The Gauss equation will follow from (3.2). The Codazzi and Ricci equations follow easily if 0 < t < 1. For t = 0, a,(X, Y) = (a(X, Y), ii)i, , which implies that /0 will be an isometric immersion in a hyperplane of Rn+2. Therefore, we need to prove 
because Ait(Z) = 0 and V^Z = Vz^ = 0. We can see that the only term left, Z(a(X, X), ii) is zero from the Codazzi equation for / which has only one more term on the left-hand side, i.e., (a(X, X), V¿ii ) and only one more term on the right-hand side (a(Z, X), V¿ii) which are equal by (4.4). Now, part (i) of the theorem is easily proved. For each x G Mi , we consider x = (x, t) e Mx x R, such that a(Z, Z)(x) ^ 0. For a neighborhood U of x, which is U x I ( U is a neighborhood of x in Mx and I an interval of R) we have a differentiable normal vector ¿¡x , such that A^ satisfies the Gauss and Codazzi equations for an isometric immersion from U to R" . Since Mx is simply connected, we have the required immersion g .
We observe that f,, constructed above, is congruent to gxi since A^ (Z) -0.
Theorem 3 and immersions which are not products
To prove Theorem 3, by Theorem 1 we have to consider only two cases, namely, when the soul is the circle Sl and when n = 3 and the soul is homeomorphic to RP2. In both cases, the universal covering M of the manifold M will be the product Mx x R.
We will denote by / = / o P (P is the covering map), à the second fundamental form of /, and z^?(x) the index of relative nullity of / at x G M.
Let us take x e M such that váx) = 0. Following the proof of Lemma (3.1) we see that at a point x where v(x) = 0, there are normal vectors ii and Í2 such that A^(TXMX) = TXMX, A^(Z) = 0 and rank^Í2 = 1 (Z denotes the tangent vector belonging to R). Since 32 ^ = 0, the same orthonormal basis diagonalizes A^ and AÍ2. Then Zi , eigenvector of AÍ2 corresponding to nonnull eigenvalue, has to be tangent either to Mx or to R. If Zi e TXMX , A^2(Z) = 0 and this implies that Z is relative nullity vector, which contradicts Vj-(x) = 0. Then Zx = Z and à(X, Z) = 0 for all X e TXMX . The proof of Theorem 2 in [Mi] implies à(X, Z) = 0 for all X e TMX since no complete geodesic in M can be taken to a straight line in R"+2. Therefore / is reducible along the soul A . By Proposition (2.5) M is a product over the soul and because a(X, Z) = 0, / is a product of hypersurface immersions, proving the theorem. Now, we show an example of a complete manifold M" with S1 as a soul, isometrically immersed in R"+2 which is not a product of immersions. The reader is referred to [A-M, §4] , for the details.
Let f\ : M"~l -> R" be any isometric immersion of codimension one and f2'. Sx -> R2 an isometric immersion such that f2 is totally geodesic on the interval I = (-s, e). Now consider f = fx x /2 : M = Mx x Sl -> R"+2. The restriction of the immersion / to Mx x I is given by B+l (m,t)^^2 f\im)ei + ten+2 i=l where {ex, ... , en+2} is the standard basis of R"+2. If Mx is compact in §4 of [A-M] , the authors show how to construct an isometric immersion / of Mx x I which is not a product of hypersurface immersions and agrees with / whenever e/2 < |r| < e.
We want to point out that the compactness of Mx is necessary to guarantee that equation (7) in [A-M] never vanishes and then hx defined by them is an immersion. We are interested ^vhen Mx is noncompact. So, we will fix one copy Sl of M, denote it by S, and for a positive real number o, take the compact subset B(S, o) = {m e M/d(m, S) < o} (d(m, S) is the distance from m to S). We redefine the immersion h: Mx x I -> R"+2 by in [A-M] .
Following the same procedure as in [A-M] we can produce an isometric immersion / of Mx x I which agrees with / whenever e/2 < |r| < e and m i B(S,a).
Piecing / and / together we obtain a 2-codimensional isometric immersion of Mx x Sl which is not a product of immersions.
Before finishing this paper we would like to say that it would be of interest to construct examples of manifolds having Sl as soul in R"+2, which are not product over the soul.
